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PREDICTIONS AND MEASUREMENTS OF 
NON-AXISYMMETRIC ~RBULENT DIFFUSION 

IN AN ANNULAR CHANNEL 

M. R. F. HEIKAL and A. P. HATTON* 

(Receizzd 12 May 1977 and in ~evisedfor~ 3 Nove~b~ 1977) 

Abstract-Measurements have been made of radial and circumferential diffusion of a tracer gas in fully 
developed flow in an annulus. The Reynolds number used was 1.6 x 10’ and the working fluid was air 
(SC = 1.0). 

A predrction method is also described using a flow model based on the van Driest mixing length theory. 
Using a turbulent Schmidt number of unity, comparisons of the predictions and measurements show best 
agreement when the ratio of circumferential to radial mass diffusivity is chosen at the constant value of two 

t~oughout the fiow. 

NOMENCLATURE 

A+, constant in van Driest mixing length 
equation; 

c, concentration; 

c,, specific heat at constant pressure; 

K, mixing length constant ; 
k 

Ih’ 
thermal conductivity of the fluid; 
mixing length ; 

I+, non-dimensional mixing length 

[z(~~/~~1~2/vl ; 
N% local Nusselt number (!I. 2r,/k,); 

Pr, Prandtl number (v/a); 

Pr,, turbulent Prandtl number (s,/.shr); 

4, heat flux; 
r, Jp, radius and hydraulic equivalent radius; 
r,,, ;T,,,~, radius of maximum velocity for 

laminar and turbulent flow; 
+ 

y , non-dimensional radius [r(r,/p)““/v] ; 
RI, R,, inner and outer radii of the annulus; 

Re, Reynolds number (u,.2r,/v); 

SC, Schmidt number ; 
t, T, tem~rature and non-dimensional 

temperature; 
u, velocity ; 
u+, non-dimensional velocity [~/(r,,,/p)“~] ; 
, 

u, velocity fluctuations in the axial 
direction ; 

I 
0, velocity fluctuations in the radial 

direction ; 
W’, velocity fluctuations in the tangential 

direction ; 
x, distance along the duct ; 

Yi distance from the wall; 

YC, distance from the wall to the point of 
maximum velocity ; 

Yl? distance from the wall over which 
van Driest mixing length is used; 

*Mechanical Engineering Department, The University of 
Manchester Institute of Science and Technology, P.Q. Box 
88. Manchester M60 lQD, U.K. 

+ 
Y ? non-dimensional distance from the wall 

[Ykv/PP2/VI~ 

Creek symbols 

@., molecular diffusivity of heat (k,JpC,); 

B, radius ratio (RJR,); 

&h> eddy diffusivity of heat ; 

%?I~ eddy diffusivity of momentum ; 

@, angle ; 

P6, dynamic viscosity ; 

V, kinematic viscosity (,u/p); 

<, ratio of the outer to inner wall shear 
stresses; 

P* density; 

r, shear stress. 

Subscripts 

b, bulk mean; 

1, inner flow region ; 
in, inlet ; 

4 position of maximum velocity; 

4 outer flow region ; 
r, reference value ; 

; 
wall value ; 
in the tangential direction; 

a, fully developed value. 

1. I~O~U~ON 

THERE are many situations in practice where the 
turbulent diffusion of heat takes place in more than one 
direction. In the fuel rod cluster of a nuclear reactor, 
for example, the situation is not axisymmetric and 
diffusion will occur in non-radial directions. It is usual 
in predictions of turbulent flows to assume the eddy 
viscosity to be locally isotropic but there is a good deal 
of evidence to show that this is not true. However, 
there is no uniformity of opinion on the relative 
diffusion rates in non-axisymmetric situations. Most 
previous work has been carried out in plain tubes. The 
first experimental work to be published with non- 
axisymmetric boundary conditions was that of Hall 
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and Hashimi [ 11. Using a mass-transfer analogy with 
nitrous oxide diffusing through air, they measured 
concentration profiles downstream of a 25.4mm dia 

porous graphite plug set flush in the wall of a 50.8 mm 

dia tube. Reynolds [2] presented an analysis for 
hydrodynamically and thermally fully developed heat 
transfer in a circular tube with variable circumferential 

heat flux based on the assumption of equal radial and 

circumferential diffusivities over the entire cross- 

section. The same assumption was used by Sparrow 
and Lin [3] who produced a similar analysis to that 01 

Reynolds. 
Experimentalinvestigations with non-axisymmetric 

boundary conditions were carried out by Black and 
Sparrow [4] in an attempt to verify the validity of the 

analysis of Reynolds and Sparrow and Lin. It was 

shown that the analysis produced the correct trends of 
variation but the magnitudes were over-predicted 
especially at high Reynolds numbers. When a value of 
10 for the ratio of circumferential to radial eddy 

diffusivity over the entire cross-section wah used. 
improved correlation of the air stream temperature 

variations was observed but only in the wall region 
because, as would be expected, in the middle region the 
damping of the variations by the relatively high 

circumferential diffusion was more marked. Quarmby 
and Anand [S], also, made use of the analogy between 
heat and mass transfer by diffusing nitrous oxide from 

both a line source and a wall patch in a smooth tube. 
Their analysis, based on equal diffusivities in the two 
directions, showed good agreement with the experi- 

ments. Quarmby and Quirk [6]. however. later con- 
cluded that the ratio of circumferential to radial eddy 
diffusivity is a simple function of radius and has a high 

value near the wall but appears to be unity over the 
greater part of the core flow. 

It appears from the above references that the 
calculations of concentrations or temperature distri- 
bution in the circular tube geometry with non- 
axisymmetric boundary conditions are insensitive to 
variations in the ratio of the two diffusivities. It was 

then thought that the annular geometry, in which 
distinct anisotropy of the turbulent structure had been 
measured by Heikal et crl. [7], would constitute a better 
test of the validity of any particular circumferential 

diffusion model. 
Walker and Robinson [8] conducted an experimen- 

tal and theoretical study of the problem of non- 
axisymmetric, three dimensional mass transfer into 
fully developed turbulent flow in a concentric annulus. 
They employed different models of the ratio of circum- 
ferential to radial diffusivity in the analysis which had 
been suggested previously for tube flows. Comparisons 
between the predicted and measured concentration 
profiles at various axial and circumferential locations 
indicated the anisotropic nature of the eddy diffusivity. 
However, they concluded that the solution was in- 
sensitive to the degree of anisotropy in the wall region. 
They suggested that a constant mean value of two for 
the eddy diffusivity ratio across the whole section 
would probably give good fit between theory and 

experiment over a wide range of Reynolds numbers. 
Despite all this work it is clear that both the 

magnitude and variation of the ratio of the tangential 
and radial diffusivities are still uncertain. 

The object of the present work is to investigate this 

phenomenon in fully developed turbulent flow in an 
annulus by comparing concentration measurements 
with theoretical predictions usmg various arbitrary 

choices for the eddy diffusivity variation. 

2. EXPERIMENTAL APPARATLIS AND PROCEDURE 

The tests were carried out in an annulus ofinner and 
outer radii 12.7 and 50.8 mm and total length of 6.0m 

giving an overall length to equivalent diameter ratio of 
about 79. A detailed description of the apparatus is 

given in Heikal et al. [7]. The tracer gas (nitrous oxide) 
was injected at 49 equivalent diameters from entry. 
The in.jectors were as shown in Fig. 1 (a) and (b). IJsing 

FIOW 

n 1.6mm 

0.61 mm 

=I 

FIG. 1. Injector arrangements and sampling probe. 

an IR gas analyser, the concentration profiles were 
measured at different axial positions downstream of 
the injector at 20” intervals relative to the injector. The 

analyser was adjusted and calibrated before each test 
in case any drift in the electronic components took 
place and the sampling rate was kept constant at 
1000cm3jmin throughout the test. The local con- 

centration at each point was measured by drawing a 
sample of the nitrous oxide-air mixture through a 
probe made of 1.6mm dia stainless steel hypodermic 
tubing as shown in Fig. 1 (c). 

In view of the large response time of the measure- 
ment system, it was found that a sampling time of 
about 180 s was required before a steady reading could 

be obtained. 
The initial condition used in the theoretical pre- 

diction was taken as the first concentration profile 
which was measured at one equivalent diameter 
downstream of the injector. The situation at the 
injector was therefore not a significant factor in the 
comparisons between the measurements and pre- 
dictions. 
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3. THEORY 

Whilst the experiments were carried out on mass 
transfer, the main objective of the work is the study of 
heat diffusion. The analysis is therefore carried out on 
the thermal energy equation which, for a fully de- 
veloped turbulent flow including the eddy diffusivity 
concept, can be written as follows: 

where : 

at 77 
Ehr 5 = 

at 7 --Ut and E~,,~= -wt. 

It is assumed that viscous dissipation and axial 
diffusion are negligible and that the fluid physical 
properties are constant. The eddy diffusivity of heat in 
the radial direction is obtained from that of momen- 
tum using a turbulent Prandtl number, while the 
tangential diffusivity is calculated from the radial by 
assuming a ratio between the two. 

The eddy viscosity turbulence model 
The inner and outer parts of the flow were each 

divided into two regions, namely “the wall region” and 
“the core region”. 

The wall region (y, > y > 0). In this region the eddy 
diffusivity was derived from a mixing length in accor- 
dance with Prandtl hypothesis: 

The mixing length expression used was that of van 
Driest: 

1 = Ky[l -exp( - y+/A+)] (3) 

where K = 0.4 and A+ = 26. 
The extent of this region in the inner part of the flow 

was taken to be 0.35 of the distance between the wall 
and the radius of maximum velocity since it was found 
to give the best agreement with the experimental 
results. 

The shear stress can be expressed as : 

7 = (/i+pE,)’ 

dy 

where : 

du N 
%= -llv 

from a simple force balance it can be shown that: 

7 R,(ri-r’) -= 
tW r(ri-R:) 

for R1<r<r, (5) 

and 

7 R,(r’-ri) -= 
7% r(Rz -r:) 

for r, < r < R, (6) 

whilst 

p= R;(Rj -rg) 

I R,(ri,-Rf) 

substituting (2) and (5) into (4) we obtain: 

Non-dimensionalising and rearranging we get: 

l+J+ (..$)-$ = 0 

where 

zi+ = 
R:,(r$-rf) 

r+ (r+’ - Rli2) 

solving for (du+/dr: ) we obtain the result: 

du+_ -1+(1+41’zzi+)“2 
dr: - 21’2 . (9) 

A similar equation was obtained for the outer wall 
region the extent of which was obtained by matching 
the value of the eddy viscosity in the core, which was 
obtained from the inner wall region at y = y,. 

The integration of equation (9) was done numeri- 
cally using the Runge-Kutta technique and the step 
length was varied so as to give five figure accuracy in 
the integrals. 

The core region (y, < y < y,). In this region it is 
assumed that the eddy viscosity is constant through- 
out this region and that its value can be obtained 
from the wall region at y = y,. 

Non-dimensionalising equation (4) and (5), re- 
arranging and integrating we obtain : 

where Mi is a constant of integration and can be 
determined at r: = Rli + yi . 

The radius of maximum velocity was obtained by 
matching the inner and outer velocity profiles at an 
assumed point and the solution was iterated to obtain 
the correct point. 

General analysis for the solution of the thermal energy 
equation 

The non-dimensional form of equation (1) is : 

where R=w. 
V 

t-ti, 

and 

(for a specified wall heat flux). 

(for a specified wall temperature). 

Combining the non-dim’ensionalised forms of (4) and 
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(5) yield the result: 

3x103 104 105 5110’ 

Re 

FIG. 2. Variation of the radius of maximum velocity with Reynolds numbers 

&hr 1 R:i(r,+~-r+2) dr: , _=~ 
V Pr, r+ (r,‘f -RTi2) du+ l- 

Equation (10) can be written : 

BT s2 T 
-_=A ~ 
dR 1 ar:2 

where 

A, = 
IA+ l.& 

and 

and eh,/v is obtained from equation (11). 

(11) 

(12) 

Equation (12) was solved using a Crank-Nicholson 
implicit finite difference method with an arbitrary 

weighting factor and 140 equal increments of r,’ 

considering the term D(i?‘T/dQ”) as a constant. The 
correct value of this term was then obtained from the 
resulting temperature field description and iterating 
the solution. The weighting factor was taken at 0.9, 
although other values were tried and found to make 
little difference. A typical run time on the UMRCC 
CDC 7600 was 60s for 160 steps downstream (40 
diameters) for the problem considered. 

4. DISCUSSION 

4.1 Resultsfor axisymmetric situations 
Before considering the degree of success in the 

prediction of non-axisymmetric situation it is first 
necessary to ensure that the prediction method is 
compatible with the considerable amount of data 
which exists for axisymmetric cases. It is particularly 
important to ensure that the theory gives a correct 
description of the radial diffusivity. 

Figure 2 shows comparisons of predictions of the 

radius of maximum velocity with the measurements of 

Quarmby [9] which were obtained using Preston 
tubes. The agreement is better at higher radius ratios 

(RJR2). It has been suggested that shear stress 
measurements using Preston tubes may not be reliable 
on the outside of the core tube at low radius ratios. 

At higher Reynolds numbers the radius ofmaximum 
velocity becomes independent of the value of Reynolds 

number and is well correlated by 

Figure 3 shows similar comparisons of inner and 

outer velocity profiles and the agreement is good. The 
comparisons are not as sensitive to the shear stress 

measurements as those discussed above. 
Shear stress profiles are compared on Fig. 4. The 

results for the radius ratio of0.25 were obtained on the 
same apparatus using hot wires and are reported in 
171. Very good agreement is shown between the 

predictions and measurements. 
The heat-transfer predictions are compared with 

results again taken from [7] and with those of other 
workers for Pr, = 1 on Fig. 5 and once again it is clear 
that the prediction is in good agreement over a wide 
range of Reynolds numbers and radius ratios. Al- 
though not shown the predicted Nusselt numbers in 
the thermal entrance region also agreed well with the 

measurements of [7]. 
To summarise, the results discussed so far show that 

the turbulence model used for fully developed flow in 
an annulus is compatible with the available previous 
work both experimental and theoretical. The program 
is useful for calculating the effect of axial variations of 
wall heat flux or temperature. Whilst there is no 
experimental data for the annulus, the theoretical 
predictions for sinusoidal, exponential and linear 
variation in the axial direction of heat flux on the inner 
wall showed very similar trends to the experimental 
work of Hall and Price [IO] in a round tube. 

4.2 Non-axisymmetric situations 
Two situations were examined and the arrange- 

ments are shown on Figs. l(a) and (b). Arrangement 
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Inner profileCuT vs y:) 

102 

~0’ and Y: 

FIG. 3. Non-dimensional velocity profiles in an annulus of 0.1067 radius ratio. 
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FIG. 4. Comparison of shear stress profiles. 
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FIG. 5. Fully developed Nusselt numbers in annuli of dif- 
ferent radius ratios. 

(a) was chosen with the intention ofexamining the core 
region of the flow, whereas it was hoped that arrange- 
ment (b) would throw some light on the situation near 
to the wall. 

For mass-transfer predictions, of course, where the 
eddy diffusi~ty of mass is obtained from that of 
momentum it is necessary to assume a turbulent 
Schmidt number in place of the turbulent Prandtl 
number. Betts and Hatton [ll] showed that there is 
considerable uncertainty regarding turbulent Schmidt 
numbers in the radial direction but the value of unity 
appears reasonable and was used in these calculations. 

For the prediction of the non-axisymmetric experi- 
ments the procedure adopted was to measure radial 
concentration profiles at different angular and axial 
positions downstream of the injector and to compare 
the results with predictions using different assump- 
tions regarding the ratio of the ~rcumferentia~ to 
radial diffusivities. The initial profiles were measured 
and fed into the program as starting values for the 
prediction. The assumptions were either: 

(i) a constant value throughout the flow; 
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FIG. 6(a). Comparison of concentration profiles along the 
annulus (YQW = 1.5). 
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FIG. 6(b). Comparison of concellt~~tion profiles along the 
annulus (.Y!2W = 4.5). 
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r/r, 

FIG. 7(c). Comparison of concentration profiles along the annulus (x/2re = 13.5). 

between the wall and the position of maximum 
velocity. No significant difference was obtained from 
using a constant value throughout. The differences in 
the predicted profiles were so small that they could not 
be shown on the scale of Figs. 6 and 7. 

5. CONCLUSIONS 

1. A prediction method is proposed for mass dif- 
fusion or heat transfer in fully developed non- 
axisymmetric turbulent flow in an annulus. The tur- 
bulence model used to obtain the radial eddy diffu- 
sivity used a constant value in the core region with a 
van Driest mixing length variation near the wall. Good 
agreement was obtained with available experimental 
results, for example shear stress, velocity profiles and 
friction factor. 

2. The diffusion experiments show that the turbu- 
lence structure in the central region is clearly aniso- 
tropic. 

3. The predictions show that the development of 
concentration profiles is insensitive to the variation in 
the ratio of the eddy diffusivities close to the wall. 

4. The best agreement between the predictions and 
measurements results from using a constant ratio of 
E,,/E, of 2 over the whole cross section. 
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PRECISION ET MESURE DE LA DIFFUSION TURBULENTE 
NON AXISYMETRIQUE DANS UN CANAL ANNULAIRE 

R&am&On effectue des mesures de diffusion radiale et circonfkentielle d’un gaz traceur dans un 
icoulement pleinement dbveloppk dans un espaoe annulaire. Le nombre de Reynolds est tgal B 46 x lo5 et le 
fluide est l’air (S, = 1,O). Une mkthode de calcul est d&rite qui utilise un modtle d’koulement bask sur la 
thkorie de longueur de mtlange de Van Driest. Prenant un nombre de Schmidt turbulent tgal B I’unitt, des 
comparaisons entre calculs et mesures montrent un meilleur accord quand le rapport des diffusivitiks 
massiques circonfkrentielle et radiale est choisi 6gaI B deux, valeur constante dans tout le fluide en 

icoulement. 
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BERECHNUNG UND MESSUNG UNSYMMETRISCHER TURBLLENI I-R 
DIFFUSION IN EINEM KREISRINGKANAL 

Zusammenfassung- yes wurde die Diffusion eines Spurengases tn der voll entwickelten Stromung m cmem 
Kreisringkanal in radialer und in Umfangsrichtung gemessen. Die Reynolds -2ahl war 1.6. 10’ und das 
stromende Fluid Luft (Sc = I,O). Eine Berechnungsmethode wird ebenfalls beschriehen. die eon etnem 
Stromungsmodell ausgeht, welches auf der Mischungswegtheorie nach van Driest basiert. Rechnung und 
Messung zeigen die beste iibereinstimmung. wenn bei einer turbulenten Schmidt- Zahl bon cm\ fitr das 
Verhahnis des Diffusionskoeffizienten in Umfangsrichtung zu dem in radialer Richtung fiir die gcsamte 

Striimung des Wert zwei angenommen wtrd 

PACqET M M3MEPEHME HEOCECMMMETPMYHOI? TYPGYJlEHTHOti 
,4MQ(DY3MM B KOJfbLlEBOM KAHAJTE 

hHOTaUHR- npOBWHbl H3MepeHWl pa.WaJlbHOii M KOJlbUeBOfi LW$(~)~~MW MCVCHOIO 1a38 B 

IlOJIHOCTbH) pa3BUTOM IlOTOKe B KOnbUeBOM KaHafle. qW>'lO Pei?HOnbnCa COCTaBJiRnO I,6 lo”. B 
tcaqecrne pa609eRnwn~oc~~ Hcnonb3oBanCR ~03nyx (SC t,o). B CTaTbeOIlHCblBaeTCR TaKYeMeTO2 
PaC'leTa C IIOMOLUbEO MOneJlH Te'ieHWl,IlOCTpOeHHOi? Ha OCHOBaHMH TeOpWi LUlHHbl CMeUleHMfl Bati 

&HCTa. npM Typ6yfleHTHOM YMCJle WMWlTa, PaBHOM eNiHHUe, pe3yJlbTaTbl PaCWTa XOPOUIO 
COr&iCylOTC5l C naHHblMH H3MepWMti B TOM Cfly'lae,eCJlM OTHOlUeHMe K03@$WieHTOB KOJlbUeBOfi M 

panHanbHOi? LlH44y3MM IlpHHMMaeTCR KaK KOHCTaHTa.paBHafl2. RO BCeti 06naCTW TeYeHMR. 


